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We present a nonsingular scenario in which an inflation era goes after a bounce from a contracting
scenario in the early universe. The contracting of the universe is supposed to be slow, such that
the initial anisotropies will not grow too fast to become dominant and destroy the bounce. After
the bounce, the universe enters into an inflationary region and reheating phase, where primordial
perturbations are generated. The tensor-to-scalar ratio of the perturbations are expected to be
consistent with the newly released data, r = 0.2+0.07
−0.05. The addition of the bounce process is aimed
at getting rid of the annoying Big-Bang Singularity, which generally exist in pure inflation models.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Recently many kinds of observational data in cosmol-
ogy have been released fastly. After the announcement
of WMAP9 [1] and PLANCK data [2] last year which
greatly improved the accuracy of our measurement of the
CMB sky, a few days ago the BICEP group in the South
Pole has released their observation data of the BB-mode
of the CMB polarization, claiming that they detected
the gravitational waves directly [3]. There results shows
that the ratio of tensor and scalar spectra of primordial
perturbations (tensor-scalar-ratio), r, is lying within the
region of
r = 0.2+0.07
−0.05 , (1)
while the r = 0 point, indicating the absence of the grav-
itational waves, has been disfavored by 7σ. This exciting
results not only greatly supports the correctness of Ein-
stein’s gravity, but also, in cosmological sense, can distin-
guish various early universe models in a more confirming
way. For example, it can strongly support inflation mod-
els which can generate large tensor perturbations, while
disfavor models which cannot.
Although the observational results suggests an infla-
tionary era in the early universe, however, theoretically
speaking, traditional inflation scenario still needs to be
questioned. One of the biggest problems that exist in
inflation is the so-called singularity problem, which has
been proved by Hawking et al. in their early work [4, 5].
They claimed in their singularity theorem that the uni-
verse will meet the singularity if it satisfies the conditions
1. the General Relativity holds, and 2. the Null Energy
Condition (NEC) is preserved. At the singularity, every-
thing blows up and one can not get control of the universe
under classical description. More seriously, Martin and
Brandenberger claimed that in inflation models, if the
number of efolds is longer than that is required to solve
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the Big-Bang problems, then the fluctuation modes will
enter into a sub-Planckian zone of ignorance [6]. Such
problems occurs before the onset of inflation, therefore is
difficult to be solved within inflation scenario itself. This
motivates us to find alternative theories in pre-inflation
era.
Phenomenologically, there might be a few evolutions
that can be set in front of inflation in order to get rid of
those problems. For example, the universe may undergo
a contracting phase where the scale factor a(t) shrinks
initially and then, by some mechanism, “bounces” into
an expanding one [7]. The whole process can be done
non-singularly if at the bouncing point a(t) 6= 0 [8]. The
bouncing scenario has many interesting properties, for
example, the Big-Bang puzzles such as horizon problem
and flatness problem can be solved even in contracting
phase, and scale-invariant primordial perturbations can
be generated, etc [9]. Moreover, such non-singular sce-
nario can also be non-trivially extended to the cyclic uni-
verse [10, 11].
II. BOUNCING INFLATION SCENARIO
In bouncing inflation scenario, one should first deter-
mine how fast the universe contracts, that is, how large
the equation of state is in the contracting phase. In order
for the universe goes successfully from contracting phase
to bounce, the matter that drives the universe must be
dominant during the contracting phase, which requires
that its energy density of the matter grows fastest. How-
ever, this condition will be challenged if one takes into
account of the initial anisotropy of the spacetime, which
has been addressed as the “anisotropy problem” [12] of
bouncing cosmology. To take a more clear example, one
can start with a simple anisotropic Bianchi-IX metric
[13]:
ds2 = −dt2 + a2(t)
3∑
i=1
e2βi(t)dxi
2
, (2)
2with
∑3
i=1 βi(t) = 0. The anisotropy term will generate
a energy density of anisotropy, ∆ρani = (
∑3
i=1 β˙
2
i )/2.
According to the Friedmann Equation, βi’s evolve as:
β¨i + 3Hβ˙i = 0 , (3)
which provide the solutions βi ∝ a−3(t) and induces
that the anisotropy energy density increase as fast as
∆ρani ∝ a−6(t). Since in general the energy density
of matter with equation of state w grows as a−3(1+w),
it corresponds to an effective energy density with EoS
w = 1, and will grow fast and become dominant over
all species with EoS less than 1, leading finally to a col-
lapsing anisotropic universe. This requires that, in order
to have a successful bounce, the matter which drives the
bounce must grow no slower than the anisotropy, requir-
ing that its EoS no less than unity. Of course, in an ex-
panding universe the anistropy decays fast as a−6, thus
isotropy can always be achieved, so we have nothing to
worry about.
When the universe has a pre-inflationary contracting,
primordial perturbations can be generated either in con-
tracting phase, or in expanding phase. According to the
perturbation theory, the equation of motion for the cur-
vature perturbation is [14]:
u′′ + (c2sk
2 − z
′′
z
)u = 0 , (4)
where u ≡ zζ, z ≡ a√2ǫ and ζ is the curvature perturba-
tion, cs is the sound speed of perturbation, ǫ = 3(1+w)/2
is the slow-roll parameter, and prime denotes derivative
with respect to conformal time, η ≡ ∫ a−1dt. This equa-
tion can be solved to give the curvature perturbation:
ζ ∼ k−ν , kν |η∗ − η|2ν (5)
with ν = (ǫ − 3)/2(ǫ − 1) and η∗ is some integral
constant. According to the definition of power spec-
trum: Pζ ≡ k3|ζ|2/(2π2) and the spectral index: ns =
1 + d lnPζ/d ln k, one has ns = 4− 2|ν|.
There are two possibilities to get scale-invariant power
spectrum, that is, to have ns ≃ 1, as data suggests.
One is ǫ ≃ 0(w ≃ −1), and in this case the constant
mode should be dominant indicating that the varying
mode is decaying, which can occur in expanding uni-
verse. This corresponds to the usually inflationary case.
The other is ǫ ≃ 3/2(w ≃ 0), meaning that the vary-
ing mode is dominant, so this mode should be a growing
one, which happens in contracting phase. This corre-
sponds to the “matter-like” contracting phase used in the
so-called matter-bounce scenario [15]. In other words, if
the primordial perturbations are generated in contract-
ing phase, it requires that the universe contracts with
w ≃ 0, however contradicts with the constraints from the
aforementioned anisotropy problem [27]. In this case, we
suggest that the perturbations (at least in the observable
region) is generated in the inflationary era.
Moreover, according to the equation of motion for the
tensor perturbations
v′′ + (k2 − a
′′
a
)v = 0 (6)
where v ≡ ah, similar results can be drawn for the gravi-
tational waves h. The tensor spectrum and its index are
defined as: PT ≡ k3|h|2/(2π2) and nT = d lnPT /d ln k =
3− 2|ν|, respectively.
III. THE GALILEON BOUNCING INFLATION
MODEL
In general, to get an inflation model, we only need
a single scalar field with the lagrangian: L = K(X,φ),
where X ≡ −∂µφ∂µφ/2 is the kinetic term of φ. How-
ever, if we also require the universe to realize bounce
behavior, the single scalar field model cannot work and
we need more degrees of freedom. As is well known, when
the universe bounces from contracting phase (H < 0) to
expanding phase (H > 0), the NEC will be violated [8].
The violation of NEC can be viewed as a critical point in
breaking Hawking et al’s Singularity Theorem to keep the
singularity away, but in a usual field theory description,
it will cause “ghost” the quantization of which is unstable
[18]. To eliminate the ghost, in this context we consider
using the Galileon theory for the bounce realization [19].
We consider such a general form of lagrangian as:
L = K(X,φ)−G(X,φ)φ , (7)
where the last term is introduced by the Galileon the-
ory [20], with φ ≡ gµν∇µ∇νφ. The Galileon term
shares the property that the equation of motion can re-
main second order due to the cancelation of the higher
order terms, so it only brings a non-dynamical degree of
freedom, which can help bounce the universe but with-
out the ghost problem. The equation of motion of the
Galileon field φ is
[KX + 2KXXX − 2(Gφ +GXφX) + 6GXHφ˙
+6HGXX φ˙]φ¨+ 3H [KX − 2(Gφ −GXφX)]φ˙
+[2KXφ + 6GX(H˙ + 3H
2)− 2Gφφ]X −Kφ = 0 ,(8)
and the energy density and pressure are
ρ = 2KXX−K+3GXHφ˙3−2GφX , P = K−2(Gφ+GX φ¨)X .
(9)
There are large possibilities of realizing bounce within
this model, however, in this context, we will consider a
rather simple picture, in which the Galileon term only
affects on the bouncing point, and in the other regions,
it will have negligible effects. Thus the function G(X,φ)
will have a peak-shaped function located on the bounc-
ing point. This can be realized if one writes G(X,φ) as
g(t)X , where g(t) has a peak at t = tB. Assuming that
the field φ runs monotonically with t, the function g(t)
3can also be rewritten as a φ-dependent function, g(φ(t)).
Therefore in regions far from bounce, the universe can be
viewed as dominated by a single scalar field, K(X,φ).
In the contracting region where the universe started,
w > 1 is needed in order to eliminate the anisotropy dom-
inance. We could start with an example where K(X,φ)
takes a canonical form, namely K(X,φ) = X − V con(φ).
Thus the energy density and pressure becomes
ρ ≃ X + V con , P ≃ X − V con , (10)
and the EoS is simply w = P/ρ = 1− 2V con/ρ. Since re-
quire the energy density of our model is positive definite,
w > 1 then requires a negative V con(φ) in the contracting
phase.
A negative V con(φ) is not difficult to obtain, for exam-
ple, if one takes the simple example of V con = −V0ecφ
where V0, c are positive constants, one could get a nice
attractor solution [17]. From the equation of motion
φ¨+ 3Hφ˙+
∂V con
∂φ
= 0 (11)
one can get one of the solutions:
φ(t) ≃ −2
c
ln(t∗ − t) , φ˙(t) ≃ 2
c(t∗ − t) , (12)
with the EoS w ≃ c2/3 − 1, so it is rather easy to
get a large w provided that c is large enough. From
this solution one can also see that both φ and φ˙ goes
monotonically with t. This is useful since as t increases,
the large velocity of the field will trigger the term of
Gφ ∼ G(φ¨+ 3Hφ˙), and bounce is possible to happen.
This model can be extended to more general cases. For
example, one can have a non-canonical X-dependence
such as K(X,φ) = k(φ)X + t(φ)X2 − V con, where k(φ)
and t(φ) are arbitrary functions of φ. We require that
k(φ) → 1 and t(φ) → 0 in the far past, so it will hardly
affect the previous results. However, both k(φ) and t(φ)
can be important near the bounce. It can be shown that
when we take the form of k(φ) where it can flip its sign
at some pivot point, the velocity of φ may get greatly
suppressed after the bounce, leading to a rather small φ˙
prepared for the entrance of inflation era [16, 21].
In inflation era, the kinetic term of φ becomes very
small, and we also require the Galileon term to be neg-
ligible such that φ’s lagrangian is again dominated by
K(X,φ). However, the negative potential cannot afford
inflation, and we need a positive flat potential to have
w ≃ −1. As an explicit example, here we take potential
to be that of a small-field inflation potential, which is
V inf (φ) = Λ4(1− φ
2
φ20
)2 , (13)
where Λ is the height of the potential, while φ0 is the field
value at which the potential is in its minimum, around
which φ will oscillate and reheat at the end of inflation.
This potential can be explained as originated from par-
ticle physics cosmology, such as Higgs-inflation [22]. Ac-
cording to the potential, one can get the slow-roll param-
eter and the efolding number as:
ǫ(φ) ≃ M
2
p
2
(
Vφ
V
)2
=
8M2pφ
2
(φ2 − φ20)2
, (14)
N ≃
∫ φe
φi
(
V
Vφ
)
dφ =
(
φ2
8
− φ
2
0
4
lnφ
) ∣∣∣∣
φe
φi
, (15)
where Mp is the Planck mass and Vφ = ∂V/∂φ. More-
over, φi and φe indicate the initial and ending values of φ
during inflation, respectively, and can be determined by
requiring ǫ(φe) = 1 and N = 60. For example, a possible
choice is made in which φ0 = 13 and Mp = 1 with arbi-
trary Λ [2], one has φi ≈ 1.9 and φe ≈ 11.66. Note that
in inflationary era, the field φ runs also monotonically
with t.
One can also generalize the inflationary side of the
model by introducing prefactor functions such as k(φ)
and t(φ), and requiring that they have trivial effects dur-
ing inflationary era. Moreover, the potential in contract-
ing and expanding periods can be phenomenologically
glued together to describe the whole theory. One exam-
ple is
V (φ) = [1−tanh(λ1 φ
φB
)]V con(φ)+[1+tanh(λ2
φ
φB
)]V inf (φ) ,
(16)
with λ1, λ2 ≪ 1 and φB is the value of φ at bouncing
point. This can be done thanks to the monotonicity of φ
with respect to t.
Note that if the equation of state in contracting phase
is w = 1, the model can minimally satisfy the require-
ment of solving the anisotropy problem. This case can
be realized by letting the kinetic term of the model much
larger than the potential, but the potential is not nec-
essarily negative. A positive potential seems even more
natural to connect with an inflationary potential. This
kind of model has been studied in e.g. [23].
Let’s now focus on the perturbations generated in this
model. After taking the uniform-φ gauge, one can per-
turb the lagrangian (7) up to the second order to obtain
the perturbed action:
S(2) =
∫
dηd3xa2
Q
c2s
[
ζ′2 − c2s(∂ζ)2
]
, (17)
where
Q = 2M4pX [KX − 2(Gφ −GXφX) + 2(GX +GXXX)φ¨
+4HGX φ˙− 2G2XX2/M2p ]/(M2pH −GXXφ˙)2 , (18)
c2s =
(M2pH −GXXφ˙)2
2M4pX
{KX + 2KXXX − 2(Gφ +GXφX)
+6H(GX +GXXX)φ˙+ 6G
2
XX
2/M2p}−1Q , (19)
respectively. In most of the region in our model where
φ has the canonical approximation, one have Q ≃ 1 and
4c2s ≃ 1. The equation of motion for ζ then reduce to
(4). Moreover, since there is no nonminimal coupling
between φ field and gravity, the equation of motion for
gravitational waves remains unaffected, which is (6).
From the above background analysis, one can plot the
Hubble horizon of our model as in Fig. 1.
FIG. 1: The sketch plot of the horizon of our model (red)
and the fluctuation modes that cross the horizon before or
during inflation period (from green to purple). Since before
the bounce the universe evolves slowly with a small value
of Hubble parameter, the Hubble horizon is large at most
of the time, with a sharp damp near the bounce. However,
when bounce happens, it goes to infinity as H = 0. At the
inflation era when H becomes nearly a constant, the horizon
also behaves as a constant. The fluctuations with k ≤ k0 exit
the horizon at contracting phase, thus getting a blue spectrum
due to the nontrivial background. Among those the k0 mode
is the last mode, which corresponds to the bouncing energy
scale. Those with k > k0 exits the horizon at inflationary
era, therefore obtaining a scale-invariant spectrum consistent
with the observational data.
From the plot one can see that, all the fluctuation
modes which are generated inside the Hubble horizon
has been divided into two parts, by some pivot scale k0.
The modes with k < k0 are generated in the contracting
phase, and will exit the horizon before bouncing, while
the modes with k > k0 are generated in expanding phase,
and will exit the horizon after bouncing. Due to such
difference, the super-horizon behavior of those two types
of modes behaves totally different. Note that in pure
bounce or inflation models, all the fluctuation modes are
generated and exit horizon within the same background,
and will have the same super-horizon behavior.
We assume that all the fluctuation modes are gener-
ated in Bunch-Davies vacuum, making ζi ∼ eikx/
√
2k.
For k < k0 modes, we can use equation of motion (4)
with ǫ ≥ 1 for large w. According to the Friedmann
equation, one could parameterize scale factor a in terms
of η as: a(η) ∼ |η∗ − η|1/(ǫ−1) for arbitrary constant ǫ.
From this one can see, |η∗− η| decreases as a(η) shrinks.
Moreover, ν = (ǫ− 3)/2(ǫ− 1) is a positive value, so the
varying mode in solution (5) is actually a decaying one,
and the power spectrum and the spectral index will be
determined by the constant modes of ζ. By rigidly solv-
ing the equation (4) and according to the definition of Pζ
and ns, one can finally obtain that the power spectrum
and the spectral index for scalar perturbations of k < k0
are:
P conζ =
H2B−
8π2M2p ǫ
(
k
kB−
)ncon
s
−1
, ncons = 1+
2ǫ
ǫ− 1 , (20)
and from the minimal requirement of solving anisotropy
problem w = 1(ǫ = 3) to w ≫ 1(ǫ ≫ 3), one has 3 ≤
ncons ≤ 4, which has a strong blue tilt. The same results
holds for tensor perturbations. According to the equation
(6), the tensor modes generated in contracting phase also
blue tilted, with the spectrum and the index as P conT =
2H2B−/(π
2M2p )(k/kB−)
ncon
T , 2 ≤ nconT = 2ǫ/(ǫ − 1) ≤ 3
for 3 ≤ ǫ ≤ ∞. Finally, the tensor-scalar-ratio of those
modes can be expressed as:
rcon =
P conT
P conζ
= 16ǫ . (21)
Similar analysis can be done on the fluctuation gener-
ated in expanding phase. Since in inflationary era ǫ ≃ 0,
as a(η) expands |η∗−η| still decreases, and since now ν is
still positive, the varying modes in solution (5) is also a
decaying one. The power spectrum and its index will be
determined by the constant mode of ζ. Rigid calculation
gives:
P infζ =
H2
8π2M2p ǫ
, ninfs = 1 +
2ǫ
ǫ− 1 ≃ 1− 2ǫ , (22)
which is nearly scale-invariant. Similarly, the tensor
perturbations also behave as scale-invariant, P infT =
2H2/(π2M2p ), n
inf
T = 2ǫ/(ǫ − 1) ≃ −2ǫ. The tensor-
scalar-ratio of those modes is then obtained as:
rinf =
P infT
P infζ
= 16ǫ . (23)
From the above we can see that, if the perturba-
tion modes with large wavenumber k > k0 enters into
horizon today, we will see an scale-invariant scalar and
tensor spectrum, which is consistent with the observa-
tional data [2]. The tensor-scalar-ratio is proportional
to slow-roll parameter ǫ, which has been given in (14),
and is plotted in Fig. 2. From the plot we can see, if
the fluctuation mode that exit the horizon at the point
where r is within the allowed region is about 0.002Mpc−1,
then the model is consistent with the BICEP2 data [3]
[28]. Moreover, the modes with smaller wavenumber
k < k0 hasn’t enter the horizon yet, so its prediction
of blue-tilted spectrum will be tested in future observa-
tions. However, actually we have already got some hints
in favor of such a k-dependence, coming from the TT
spectrum of CMB which is suppressed in small l region
(l < 10) [2]. Since the TT spectrum corresponds to the
scalar perturbations, its suppression may be explained as
the blue-tilt of the perturbations in pre-inflation evolu-
tion [23]. According to the phenomenon, the pivot scale
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FIG. 2: The tensor-scalar-ratio r obtained during inflationary
era. The initial and final value of φ are set as φi = 1.9 and
φe = 11.66 as obtained in the above context. The region
allowed by BICEP2 is labeled as yellow.
k0 ∼ k(l ≃ 10) ≃ 0.001Mpc−1, and since the fluctua-
tion modes with wavenumber k0 can be viewed as the
last mode that exits horizon during contracting phase, it
corresponds to the comoving Hubble scale of bouncing,
aB−HB−. This could furtherly constrain the energy scale
of the bounce [9].
IV. FINAL REMARKS
Recent observational data has discovered primordial
gravitational waves with a non-trivial tensor-scalar-ratio,
r = 0.2+0.07
−0.05, supporting the inflation scenario in the
early universe. However, theoretically speaking inflation
has been suffering from singularity and trans-Planckian
problems. In this letter, we present a scenario where in-
flation is preceded by a non-singular bounce, solving the
theoretical problems and meeting with the observational
data simultaneously.
In our scenario, our universe starts with a slowly-
contracting phase with EoS w ≥ 1, such that the ini-
tial anisotropies, if exist, will not go too fast so as to
dominate over the background, and make the universe
collapse into a totally anisotropic one. This generally
requires a negative potential of the cosmic field in the
contracting phase (or kinetic term much larger than po-
tential in w = 1 case). After contracting, the universe
bounces into an expanding phase with a positive flat po-
tential, driving ordinary inflation. The bounce can be
realized by introducing the “Galileon-term” in the field
lagrangian, such that when bounce violates NEC, ghost
problem will not appear.
Primordial perturbations can be generated either in
contracting phase, or in expanding phase. Those gener-
ated in expanding phase corresponds to large wavenum-
ber k, which has entered into horizon and can be observed
by nowadays observations. Taking proper inflation po-
tential, one can have scale-invariant ns as well as large r,
which is consistent with the BICEP2 data. Meanwhile,
those generated in contracting phase corresponds to small
k, which is favored by the small l suppression observed
at TT spectra of CMB map, and large range of blue tilt
can be predicted for future observations. Moreover, in
order for the pivot scale k0 to be consistent with CMB,
the energy scale of bounce can be constrained. We will
leave these subjects for a future discussion [26].
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